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Abstract

In the present paper, the geometrical properties of a topological space endowed with a similarity
was studied. Its relation with weighted quasi-metrics and Finsler metrics of Randers type was

discussed. Finally, some applications to bioinformatics and computer science by relating
similarities to dynamic programming algorithms are considered. In conclusion, the space
containing the real-world data is non-symmetric and non-linear.
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1. Introduction

Metric spaces, symmetric distances are used in different fields of pure mathematics like analysis,
geometry and so on, as well as in applied mathematics, for instance in computer science,
bioinformatics, data analysis, etc. These are the natural generalization of Euclidean and

Riemannian spaces. On the other hand, non-symmetric distances, Minkowski norms, and Finsler
metrics are also widely used in the analysis, differential geometry, data analysis, etc. We claim that

symmetric distances, Euclidean and Riemannian metrics are just convenient approximations
(usually obtained by averaging) of the real world. The real world, based on real data measurements

is highly non-symmetric and non-linear. Of course, proving such a fact in its most generality is a
very complex and difficult task, beyond the purpose of this paper.

However, we will argue that the similarity induced by the dynamic programming
algorithm Needleman-Wunsch is actually equivalent in nature to non-symmetric distances (so-

called quasi-distances) and Finsler metrics. Our main statement in this paper is that the following
motions are equivalent in nature, i.e. symmetric similarity function, weighted quasi-distance and
Finsler metrics of Randers type with reversible geodesics.
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The topic studied in the present paper is very important for analysis, geometry, computer
science, data analysis, bioinformatics and so on because in some sense it shows that at least
partially, the reality we are living in, is non-symmetric, non-linear, non-homogeneous and the study

of data sets from the real world is actually equivalent to the use of weighted quasi-metrics on
topological spaces, or of a Finsler metric of Randers type on smooth manifolds.

2. Similarities and Distances

We start by recalling the following definition [1, 2, 3].

Definition 2.1 Let X be a topological space. If s : X X X — R is a continuous mapping such that
i s(x,x) >0 forany x € X,
ii. s(x,x) = s(x,y) forany x,y € X,
iii. if s(x,y) =s(x,x)ands(y,x) =s(y,y),then X=Y forany x,y € X,
iv. s, y) +s(,2) <s(x,z) +s(y,y) forany,y,ze X,
Then s is called a similarity function on X.
The relation with quasi-metrics is well-known [4, 5].

Definition 2.2 Let X be a non-empty set and d a real-valued function d : X X X — [0, ) that
satisfies:
i. d(x,y)=0 and d(x,y) =0 ifandonly if x = y forany x,y € X,
ii. d(x,y) <d(x,z) +d(z,y) forany x,y,z € X,
iii. if d(x,y) =d(y,x) =0 then x =y forany x,y € X.
Then (X, d) is called a quasi-metric space.

Definition 2.3 A weighted quasi-metric space is a triple (X, d,w), where X is a non-emply set,
d: XXX -[0,c0)and w:X — [0,00) that satisfies:
i d(x,y) =0 and d(x,y) =0 ifandonlyif x =y forany x,y € X,
ii. d(,y) <d(x,z)+d(zy) forany x,y,z € X,
iii. if d(x,y) =d(y,x) =0 then x =y forany x,y € X,
iv. dx,y) +wx) =d(y,x) +w(y) forany x,y,z € X.
The function d is called a quasi-metric, and w is the weight function.

Proposition 24 If s: X X X = R be a similarity function on X, then d : X x X — R defined by

d(x,y) := s(y,y) — s(y, x), forall x,y € X,
is a quasi-metric on X.

Proof Let x,y,z € X. We verify the conditions in the definition of the quasi-metric.
i Positiveness: d(x,y) = s(y,y) —s(y,x),
Since s(y,y) —s(y,x) = 0, itis clear that d(x,y) = 0.
And d(y,y) = s(y,¥) —s(y,y) =0,then x =y.
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ii. Triangle inequality:

dx,y) = s@,y) —s@,x)
sy) —s(,2) +s@y,2) —s(y,x)
sy) —s(,2) +s(z,z) —s(z,x)
d(z,y) + d(x,z)
d(x,z) +d(z,y).

I IA

iii. Separation axiom:
dx,y)=0Ady,x)=0 =>x=y
s,y) —s,x)=0A s(xx)—s(y) =0 =x=y
5(}’:}’) = S(Y,x) A S(x;x) = S(x,y) =x=Yy.
Therefore, (X, d) is a quasi-metric on X.

Proposition 25 Lets : X x X — R is a similarity function on X_ If s is a symmetric, i.e s(x,y) =
s(y,x) for all x,y € X, then (X,d) is a weighted quasi-metric space with weight function w :
X - R, wlx)=s(xx).

Proof By proposition 2.4, we have d(x,y) =s(y,y) —s(y,x).
Let x,y,z € X. We verify the conditions in the definition of a weighted quasi-metric.
i Positiveness: d(x,y) = s(y,y) — s(y, x),
since s(y,y) —s(y,x) = 0, itisclear that d(x,y) = 0.
And d(y,y) =s(y,y) —s(y,y) = 0,then x = y.

ii. Triangle inequality:

dx,y) =s@,y) —s,x)
=s,y) —s,2) +s(y,2) —s(y,x)
<s@y) —s(,z) +s(z2) —s(zx)
=d(x,z) +d(z,y).
iii. Separation axiom:

dx,y)=0A d(y,x) =0 = x=y
s@y) —s@x)=0 A s(x,x)—s(x,y) =0 =x=y
sy) =s@.x) A s(x,x)=s(xy) =x=y.

iv. Let w:X - R, w(x) = s(x,x), we have

dx,y) +wx) = s(y,y) = s, x) + s(x, x)
=s(x,x) —s(x,y) +s(,y)
=dy,x) +w().

Therefore, (X, d) is a weighted quasi-metric space.
We will consider in the following only symmetric similarity function.

Remark 2.6 :
1) Observe that the quasi-distance d and the weight function w are determined only by the
similarity function s.
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2) Let we assume the quasi-distance d is actually a distance function, ie. d(x,y) = d(y, x)
forall x,y € X, it follows
sy) — s, x) = s(x,x) —s(x,y),
and if we take into account that s is symmetric, then we obtain
s(x,x) =s(y,y), forall x,y e X.
In other words, the quasi-distance induced by a similarity function is a distance if and
only if the similarity is the same on the diagonal.
3) The symmetrized distance induced by a quasi-distance d is

pey) == 2[d(x,y) +d(¥, 0] = 2[s(x,x) + 53,3 = s(x,y).

Conversely, a weighted quasi-metric space induces a symmetric similarity function.
Indeed, we have the following proposition hold

Proposition 2.7 Let (X, d) is a weighted quasi-metric space with the weight function w : X - R.
Then the mapping s : X X X - R,

s(x,y) :=w(x) —d(y, x), forall x,y € X,
is a symmetric similarity function on X.

Proof Letx,y,z € X We verify the conditions in definition 2.1, we have:
i Since w : X — R is weight function, then w(x) > 0 and d(x,x) = 0.
Itis clear that s(x,x) = w(x) —d(x,x) = w(x) > 0.
ii.  We will show that s(x,x) — s(x,y) = 0, we have
sC,x) —s(x,y) =wx) —d(x,x) —w(x) +d(y,x)
= —d(x,x)+d(y, x)
=d(y,x).

Since d(y,x) = 0, thus s(x,x) —s(x,y) =0, ie s(x,x) = s(x,y).
iii. Suppose that s(x,y) = s(x, x) and s(y,x) = s(y,y), we have

s(x,y) =s(,x) A sr,x)=s(y,y) = x=y
wx) —dy,x) =wlx) —d@,x) A w) —dx,y)=w(y)—-dly,y) = x=y
d,x) —d@y,x) =wx) —wx) A dy,y)—dxy)=wd) -wl) = x=y
d@,x) —d(y,x) =0 A d(y,y) —dxy)=0 = x=y
dix,x) =d(y,x) A d@y,y)=dxy) = x=y.
iv.  We will show that s(x,y) + s(y,2) < s(x,2) + s(y,y), we have
sCoy) +s,z) =w(x) —d(y,x) +w(y) —d(z,y)

w(x) +w(y) —d(z,y) —d(y,x)
w(x) +w(y) —d(z,x)
w(x) —d(z,x)+w(l)—-0
w(x) —d(z,x) +w(y) —d(y,y)
s(x,z) +s(y,y).
Therefore, (X, s) isasymmetric similarity function on X.

> > > >

IA

Example 2.8 Let us consider the metric space (S, p) and the interval I := (0, ). It is known that
the product space G := S x I inherits a natural structure of generalized weighted quasi-metric

structure (G, Q, W), where
Q:GxXG~-1, Q) :=plxy)+n-4¢,
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W:6-1, W(u) := 2§,
forany u=(x,é), v=_,n)on G=SXx1.
The similarity function ¢ : G X G - R induced by the weighted quasi-metric structure
(G,Q,W) is given by
pwv) = —plx,y)+&+n,  forany u=(x,4), v=>,n) €C
Clearly this is a symmetric similarity function on G.
Indeed, letu = (x, &), v=(y,n), L =(z,() € G, then
i Itis clear that
pu,u) = ¢((x,8), (x,8) = —ple,x) +§+§=2¢ > 0.

ii.  We will show that ¢ (u, u) — ¢ (u, v) = 0, we have

pwuw) —oWw,v) = —p(x,x) +&+E+plx,y) —&—n
—p(,x)+p(,y) +&—n

p(,y) +&—n

=py,x)+&—n

=Q(rm, (x,8) =Q(w,u) =0.

So, ¢(u,u) —p(u,v) = 0.
iii. Suppose that ¢(u,v) = @(u,u) and @(v,u) = p(v,v), that is

(6,0, ) = 9((x,6), (x,9) A (M, x.8) = o(&,m, ., M)
—p,y)+E+n=—p,x)+{+5 A —p,x)+n+E=—p,y)+n+n
pGe,x) —p,y)+n—=5§=0 A p(,y) —p(r,x) +§—n =0,
by subtracting these two equalities we get, p(x, x) — 2§ = p(y,y) — 2n, whence x =y,
so that ¢ =n.Hence u=v.
iv. We will show that ¢ (u,v) + (v, 1) < p(u,1) + (v, v), we have

pw,v) + o, 1) = o((x,9), .m) + o(. M, (2.0)
—py)+&+n—p,2) +n+7¢
—p,y) —pr,2) +E+{+n+7
—p(x,z) +&+{+n+n
—p(x,2)+&+{—pn,y) +n+n
(%6, (z0) + o(.m, &.m)
=D+ o).
Therefore, ¢ is a symmetric similarity function on G.

A 1

Example 2.9 Let (S, p) be a metric space and f : S — (0, o) a Lipschitz function with respect to
p. Then it is known that the graph of £, ie. G; = {(x, f(x)) : x € S} has a weighted quasi-metric
space structure (G, Q, W) given by
Q:Gr X GF > (0,0), Qw,v):=pxy)+f(y)—flx),
W : Gy - (0,), W(u) := 2f (x),
forany u = (x,f(x)), v=(y.f(»)) on G.
It follows that the function ¢ : G X G — R given by
or(u,v) = —p,y) + f) + f),
forany u = (x,f(x)), v = (¥, f(¥)) € Gy, is a symmetric similarity function on G;.
We can conclude that a metric space (X, p) with a Lipschitz function f : X - R induces
a similarity function on X.
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The similarity space (Gf, (pf) constructed here is called the bundle over the metric space
(S, p).

3. Embeddings and relation to Finsler space

Let (X,0) and (Y, t) be two topoltgical spaces with similarities functions ¢ and t, respectively.
A continuous mapping ¢ : X — Y is called a similarity embedding if

(p(x), () = a(x,y),
forall x,y € X.

Proposition 3.1 Let (X,q,w) and (Y,p,u) be two weighted quasi-metric spaces with the
associated similarities ¢ and t, respectively. The continuous function ¢ : X - Y is a similarity
embedding if and only if it is an embedding of weighted quasi-metric spaces.

Proof We assume that ¢ : (X,0) — (Y, 7) isasimilarity embedding, i.e.

(e, o) =a(xy), VxyeX.
The weighted quasi-metric (d, w) associated with the similarity function ¢ on X is given by
dx,y) =0y, y) —o(,x), Vx,y€X,
w(x) = o(x,x), Vx € X.
The weighted quasi-metric (d, W) associated with the similarity function 7 on Y is given by
dx,y) =t(y,y) —t(y,%), VxyE€Y,
w(x) = 1(x, x), Vx €Y.
We compute
(e, o) — (e, 0(x))
o,y) —a(y,x)
d(x,y),

d(e(x), 0())

for all x,y € X. Likewise,
W) = 1(p(), 9(x)) = a(x,x) = w(x),
and hence it results that ¢ : (X,d,w) - (Y,d,w) is an embedding of weighted quasi-metrics
spaces.
Conversely, we assume that ¢ : (X,d,w) - (Y,d,w) is an embedding of weighted
quasi-metrics spaces, i.e.
d(p(0), ) = d(x,y),
W) = wx),

forall x,y € X. Using now relations

o(x,y) =w(x) —d(y,x), VxyE€EX,

7(x,y) = w(x) — d(v,x), Vx,y €Y.

We have
(), ) = W(e®)) —d(e»), p(x))
=w(x) —d(y,x)
=o(x,y),

forall x,y € X, therefore ¢ : (X,0) — (Y, 1) is asimilarity embedding.
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Theorem 3.2 Every space with a symmetry function (X,s) is embeddable in a bundle over a
suitable metric space (S, p).

Proof The proof is quite straightforward by taking into account the construction in Example 2.9.
This result can also be proved directly, using the fact that any weighted quasi-metric space is
embeddable in a bundle over a suitable metric space [6, 7].

Theorem 3.31 Let (S, p) be a metric space and f : S — [0, o) a Lipschitz function on this metric
space. Then the graph of f admits a similarity function ¢ : G X G, - R that depends on p and
f only.

2. Conversely, every similarity space (X,s) can be constructed in this way.

Proof (1) Statement 1 follows immediately from Example 2.9.
(2) Conversely, if we start with a similarity space (X, s), then we can consider :
(a) the associated weighted quasi-metric space (X,d,w), where d and w are given in
Proposition 2.4 and 2.5.
(b) the symmetrized associated distance s has given in Remark 2.6.

By putting f := %w, using (X,s)and f, the construction from Statement 1 given that (Gf, qo) is
a similarity space.
Moreover, (X, s) can be embedded in (G, ¢) and the conclusion follows.

Lemma 34 Let M be a compact smooth manifold. If (M, p) is an upper and lower curvature
bounded metric space, then there exists a Riemannian metric g on M whose distance function
coincides with p.

Proof The proof is quite obvious. Every an upper and lower curvature bounded metric space
(M, p) constructed on a n -dimensional compact smooth manifold M can be embedded
isometrically in the Euclidean space R2™*! with the canonical metric. On the other hand, the
manifold M as a submanifold in R?**! inherits a canonical Riemannian metric [8, 9] from the
embedding in the Euclidean space whose distance function obviously coincides with p.

Theorem 351. If (M,F =a+ ) is a simply connected Randers defined by a Riemannian

metric a = /ai]- (x)yiyJ and a closed 1-form B, then M is endowed with a naturally induced

similarity function.

2. Conversely, let s be a symmetric, similarity function defined on a compact
differentiable manifold M whose associated distance p is upper and lower curvature bounded. If s
is differentiable, then there exists a naturally constructed Randers metric on M that depends on s
only.

Proof 1. Itis clear since a Randers metric with S closed induces a weighted quasi metric on M.

2.Conversely, the similarity metric induces a weighted quasi metric (M,d,w). From
Lemma 3.4 we can see that there exists a Riemannian metric on M whose distance function is
exactly p, and since s was assumed smooth we can define g := dw, where w is the weight
induced by s.
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4. Relation with Bioinformatics and Computer Science

In order to assess the application of this theory, we start by recalling that Dynamic Programming
is, at the same time, a mathematical optimization method as well as an algorithmic method in
computer science. Dynamic Programming originates in the research of R. Bellman in the 1950s and

it was applied eventually in many fields of science like engineering, economics and others. In the

majority cases, this method works by simplifying a much more complicated problem by dividing it
into much easier small problems using a recursive way. It is known that if a problem in computer

science can be solved optimally by dividing it into smaller problems and then recursively
determine the optimal solutions to these small problems, then the original problem has an optimal
substructure. The algorithms involving Dynamic Programming are popular in the field of

bioinformatics being extremely useful for some specific problems as DNA or amino acids
sequences alignment, RNA structure prediction, protein structure research, and others [4, 5].

In the case of sequence comparison analysis in Bioinformatics, a similarity measure on
together with a gap penalties function can be used to define the global similarity between two
sequences in X*. The computation is handled using the Needleman-Wunsch dynamic programming

algorithm which is quite similar to the W-S-B algorithm for computation of distances. It is possible
to define global similarity using a dynamic programming matrix.

To be more precise, let X be a non-empty set. Then a free monoid X*on X is the monoid
whose elements are all finite sequences of zero or more elements, from X with the operation of
concatenation. The set X = {A4,B, C, ..., Z} is called alphabet, and its elements A,B,C,...,Z are
called letters of the alphabet, or generators. The elements u € 2* are called words or strings. The
unique sequence of zero letters (the empty word) denoted by e is the identity element in Z*.

The free semigroup Z*on X is defined as =%t := 2*\{e}.

Remark 4.1 Biological motivation

The macromolecule that contains the essential information of living cells can be represented as a
family of words over a finite alphabet. Consequently, DNA (or RNA) molecules can be seen as

long words in the free semigroup with the generators X = {4,C,T,G} (nucleotide alphabet).
Proteins molecules can be regarded as words in the free semigroup whose generators are the 20
amino acids which compose the proteins in living cells (aminoacids alphabet) Z, 4.

As an example, we mention here the insulin, whose intensive research, starting around
1950, has facilitated the development of the theory of molecular evolution of living organisms.

Insulin is present in almost all living organisms on the Earth, hence by comparing the insulin
sequences found in different species and computing their similarity, one can get a very detailed
insight into the evolution of life on Earth. Sequence comparison, similarity estimation and so on,

is one of the most fundamental research topics in bioinformatics [6].
We define global similarity using a dynamic programming matrix.

Definition 42 Let Theaset, x,y €X*, s:ZXxZ >R andg,h: N* > R* Letx,y € X*and
let m=|x| and n = |y|. The NeedlemanWunsch dynamic programming matrix denoted
NW(x,y,s,g,h), isan (m + 1) x (n + 1) matrix S with rows and columns indexed from 0 such
that Sp0 =0, S;o = Psll?;(i{si_k‘o - h(k)}, So,j = ggé(j{So_j_k —g(k)} andforall i =1,2,...,m

andj =1,2,..,n
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Si,j = max {Si—l,j—l + S(xi,yj), maX{Si_k‘j - h(k)}, lrEkaSXj{Si,j_k - g(k)}}

1<k<i

We define the global similarity between the sequences x and y (given s,g and h), denoted
S(x,y), to be the value S, ,,.

The global similarity S(x,y) between sequences x and y defined above satisfies all
conditions in the definition of similarity [4].

Theorem 4.3 Let II be a finite set of biological sequences and let S(x, y) be the global similarity
function given by the Needleman-Wunsch dynamic programming algorithm. If the associated
distance p is upper and lower curvature bounded, then there exists a metric of Randers type whose
distance function coincides with the weighted quasi-metric induced by S(x, y).

Proof Based on our Theorem 3.5 we can explain as follows. Let us consider a finite set Il of
biological sequences like, for instance, the insulin sequences in all species one can find in the
NCBI database. Clearly, this is a finite set of sequences, a finite set of data that can be considered

as a compact set in X*. By using the dynamic programming, we can endow this compact set with a

symmetric similarity function S(x,y). Theorem 3.5 implies that there is always a Randers type
metric whose associated distance function coincides with the weighted quasi distance function
obtained from the similarity function.

5. Conclusions

In this paper, we introduce a definition of the similarity function, quasi-metric space and weighted
quasi-metric space. We also study the geometrical properties of a topological space endowed with
a similarity. The relation with embeddings and bundle and Finsler metrics of Randers type has
been explained. Moreover, we present the relation of the mathematical concepts with computer
science and bioinformatics. In conclusion, there is always a Randers type metric whose associated
distance function coincides with the weighted quasi-metric induced by a similarity function.
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